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ABSTRACT

The behavior of {ootings subjected to time-dependent forces has been
the subject of continuing research. The ultimeate bearing capacity uncder such
loading conditions and the dynamic behavior teyond thia ultimate capacity
are¢ both of interest. An attempt has been made in the subject investigation
to combine and correlate labtoratory experiments with theoretical studies.
Two- and three-dimensional experiments have been conducted on
small footings in the laboratory to observe their behavior and to obtain
quantitative informetion, An apparatus was developed for applying dynamic ~

-forces to the footings, This epparatus, which is relatively simple, has made

possiblie the application of laads having various rise times, decays, and
durations, Force-time and displacement-time records have been obtained
in forms suitable for analysls, and Fastax movies of footings failing under
dynamic loads have aigo been taken,

The behavior of {ootings subjected to dynamic loads has been studied
analytically also. The possibility of applying the plasticity theory or -
iimit analysis has been considered. Other loadings and varioug fallure modes
elso have been investigated., Use will be made of the experimental data in
conjunction with this theoretical work during the remainder of the program,
Based on this work, additional experimental and/or thearetical research will
be conducted as required, ’
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PREFACE

This ie the interim technical report on Contract No. AF29(£01)-2561,
Project 1080, "Design and Analysis of Foundations for Protective Structuras",

- The object: 1 of this research program is to investligate the protlems assoclated

with the design and analysis of foundations for protective structures which
are subjected to dynamic loads from nuciea: blasts The current projéct, which
was initlated in February, 1960, to a large extent is a continuation cf research
done on an earlier contract, AF29{601)-1161, which had the same %itle, '
_ 'This interim technical report covers the work done on the projebt
during the seven months followlng the inception of the contract. In organizing
this repert, an attempt was made tec collest the primary technical results into
appendices which subsequently can be incorporated into the firal report,

Perscnnel who have contributed to the work covered in this rsport

includes R. L. Chiapetta, C. J. Costantino, P. G. Hodge, A. Rumphrsys, K. E, McKee,

R. D, Rowe, R, W, Sauer, E. T, Selig, S, Shsnkman, and B, Vey. OCredit should
also be given to Mr, C, Wlehle and Mr, H, Mason of AFSWC for their criticlsms
and suggestions which have alded this project.

ARMOUR RESEARCH FOUNDATION OQOF ILLINOIS INSTITUTE OF TECHNOLOGY
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Chapter 1
INTRODUCTION

A. General

The purpose of this research program is to consider "the design
and analysis of foundation for protsctive structurss subjected to dynamic
loads from miclear blast". Within this general research area, there are almost
unlimited technical problems that could be considered, This report is concerned
with the work done since the %hception of the present program in February, 1960,

. In this report, it is agsumed that the reader 1s familiar with the
resilts of the previous resgearch conducted by ARF in the same problam arsa
(Contract AF29(601)-1161).;/ For all practical purposes, the regearch reported
horein repregents an extension of the previous program. Despite this close
association, it has been ths aim to make this report readabls without supple=-

nentary refersnces,

This report is organized to present a self-contained progress
report of the technical work, To the maximum extent possible, detaiied
tecnnical presentations ars confined.to the appendicas with the body of the
report limited to general preééntations, conclusions, eto, It is to be expected
that the reader will maks uge of these appendices, and little technical infor=
mation 1s reproduced in the main body.

B, Objectives

The objectlve stated in the contract is "to investigate the prob--
lems associated with the design and analysis of foundations for proteotive struce
tures which are subjected to dynamic loads from nuclear blasts®"., This gensral
objective really indicates little regarding the technical direction of the program,
The more specific goals of the present program are limited to consideration of '
spread footings (this is contrasted to fourdations in gensral). At least
from a qualitééivg point-of-view, it was postulated in the original progrém '
that beravior of all fourndations could be explained by an understanding of

the behavior of spread footings and pile foundatlons with other foundations

;/>HcKee, K.E,, Design and Analysis of Poundations for Pretective Structures
' AFSWC-TR-59-56, 15 Oct. 1959.

ARMOUR RESBARCH FOWUNDATION O©OF ILLINOIS INSTITUTE OF TECHNOLOGY
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being considered as some combination of -these two. Attention in ths program
has besen devoted to two main problem areas which have been investigated con-
currently: otudies of dynamic behavior footings have been concerned primarily
with vertical loads where the statlc behavior is understood relativaly well and
studies of footing behavior under other than centrally applied vertical loads
which to date have been carrisd out primarily for the statie cass.

C. Tgchnical Approach

[§]

The approach has been a combination of analytlcal and experimental
work. In a virgin tschnical area, it is desirable that these two research tools"
proceed together. A highly developed theoretical approach, regardless of its
technical sophistication or elegance, must ba able to withatand the harsh light
of experimental réality. On the other hand, experimentation by itself may
furnish a mass of useless data if theoretical work is not avallable to provide
a bagis for correlation. A purely empirical approach 1s always expensive and
unless there is a satisfactory understanding of the phencmens, i1t may lead
R misinterprstations, ’

D, Discussion of the Problem

The behavier of footings sublected to dynamic loads represents a
major technical area in which 1ittle work has been done, The particular cbjective
of this project is somewhat restrictive since consideration is limited to those
aspecte rélated to protective construction. The actual reduction rébresented by
this objective is primarily with respect to application rather than fundamental
requirements.,

Quantitative inform tion relating to the behavior of amall footings
subjected to dynamic loads has been obtained under this program for limited soil
types. Additional experimental data is currently belng obtained, It is anti-
‘cipated that the analysis of this 4ata will provide a guantitative understanding
of footing behavior. As this analysis proceeds the direction for future research

ghould become obvious,

Only one previocus experimental study of the behavior of footings sub-
Jected to dynamic loads is known to the author, In 195k, Massachusetts Institute

ARMOUR RESEARCH FOUNDATION OF ILLINOIS INSTITUTE OF TECTHNOLOGY®
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of Technology conducted limited static and dynamic footing testsy « Currently
three other agencies are testing footings subjected to dynamic rvads:

Naval Civil Engineering Laboratory, Port Huename, Califorhia; University of
I1linois, Urbana, Illinols; and Waterways Experimnt Station, Vicksburg,
Mississippi. For information on these programs the reader is referred to
these agenciles. '

E. Report ranigation

The main body of this report is primarily desoriptive in nature.
Chapter 2 considers the theoretical work, while Chapter 3 1s concerned with
the experimental studies, Chapter L, Conolusions, Attampts to generalisa
what has been dons on this program to date, and indicates the diraction the
research will follow for the remainder of the prnject. - -

The first two appendices deal with plastloit.ly and iimit analyseal.
Appendix A presents a general review of pertinent plasticity studles and a
discuasion of thelr advantagee‘ and limtcations. Appendix B represents a first »
approach at applylng the methods of plasticity to the dynamic behavior of footings.
Appendlx C oxtends the earlier theoretical astudies to includs eccentric loads.
Appendix D considers the Ottawa sand used in the experimental program. The
next two appendices, E and F, report on the two- and three-dimensional footing
tests which have been conducted to dates Finally, Appendix G contains information
on the dynamic loading apparatus congtructsd for this pro ject.

L Massachusctts Inotitute of Technology, The Behavior of Soils Under Dynamic
Loading, 3, Final Report on Laboratory Studies, AFSWP 118, Aug 195i.
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Chapter 2

TURORRTICAL INVESTIGATION

A, QOeneral

_The close association of tha thenretical research with the laboratory
investipations makes any clear distinction between théory and gxperimentation
nearly impossible and‘eertainly undes! rable, This chapter discusses primariiy
the theorétical work with reference to the laboratory studies as required,

Tha thenretical wnrk has proceeded on several fronts, An attempt will be made
to report propress, svaluate the suitability of the approach, and indicate the
direction of future studies.

B, Plasticity Théo:y in Soll Machanics

The instability of the snil belaw a footins 95 associated with the
formation of shear surfaces. Many of the approaches usrd for stibility ~rahlems
by soil mechanics engineers rest on approximate extcnsinne ox ¢ovtain ol soical

plasticity solutions, e.g., Prandtl's solution for footiny failure., The soil
machanici ans from thies basis have proceeded, in general, with an engineering
pointeofeview using assumed failure surfaces and simplifications to treat stability
problems., Cccasional foravs into soil mechanics have been mads by piasticiansl .
who have considered methods of solution and have solved specific problems. Neither
the 80il mechanics nor the plasticity theories provide completsly satisfactory
solutiong == neither approach is able to accurately predict the bshavior of an
actual footing,

Attention during the original programl/ was limited to modifications
and extensions of more-or-less standard soil mechanics apprcaches., Based on thre
original research, 1t was thought that the more esoteric plasticity approaches
could ba justified. The experimental phases of the orig*nal'program raised serious
doubts regarding the suitability of "standard'soil mechanics solutions to the

L/ McKee, K. E., Op. cit.
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the prediction of the belavior bf footings subjected to dynamic loads, The
plasticity approach, although complex for practical applications, gave hope
of providing a better understanding of the phenomena involved. Appendlces A
and B.are the result of these plasticity considerations,

Appendix A contains a general discussion of the plasticity and 1imit-
analysi s theery with particular attention given to the potential applicatien
to soil mechanizs. A number of papers relating the two subjecta are considered
to demcnatrate previous work in thlis area. 1In preparing this appendix, an attempt
was made to provide an introduction to the theory of plasticity for those not
wall versed in this field. Most of this appendix 1s econcermed with static
problems, with the concapt of dynamic éolutions balng introduced only in

general terms,

Appandix B is spacifically concerned with an investigation of a
theoretizal ap?roach, based on the plasticity theory, to the behavior of a footing
subjected to dyramic loads.” The purposa of the research was to congider first,
if such a solution were b&sstble, and, second, to set up a method of approach,

The possibilisy of & thesoretical aporoach was established under certain restrictive
assumptions and an example was precented, Oreater generalization to extend the
solution to other problems seems to be possible althcugh the actual laber of
obtaining such qo“u**on:\is expected to increase substantlally., The ové*-all
results of this appendix are most interesting since the possibility of Q/is typs
cf theoretical approach has been established. From the point-of-view of 1ong-
range research into the behavior of ’ootingé under dynamic loads, this type of
approach may provide the final angwar and additional studies in this area should

be considered,

C. Dynamic Recponse

The behavior of footings subjected to dynamic.loads was analyzed
in the original repor+ by what might be termed an "engineering approach",
This apnroach woe haced ~n an extension to time.dependent loads of Ande*seﬂ'al/

i Andersen, P.; bstructure Analysis and Design, The Ronald Press, New York,
New Yerk, 19Y6. p. B/,
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work relating to one-sided footing failure. The major assumptions introduced
for this approach aret '

ls The failurs surface under dynamic loads wlll be the aurface
determined by application of the initlal value of the over-

pressure as static pressura,

2. The rosiastance offered to movement ia rigld plastic in form,
1,04, settlement and soll compressibility are not considered.

3. The maximum plastic resistance equals the static reslstance
dotermined analytically, assuming the failure swrfaces considerad
are the same as in item 1 above.

L. The bohavior of the soll ia govsrned by the parameters ¥, ¢ ,
and ¢, where § and ¢ may themselves be functions of many para-
meters relating to the =201l and the conditioi of loading.
By conslidering the motion of the fallure mass of so0il, a differaﬁtial equation
was agtablishad for the dymamic behavior. Solutions of this equation allow

prediction of the displacements, investigation of inertia effects, etc.

In the original program, the one-sided failurs pattern {Andersen's)
was specially selected because it was compatible with the dynamic analyeis.,
This compares with other failure agsumptions, such as Terzaghi's modification
of Prandtl's solﬁtion, for which the failure mode.is compatible cnly for
incipient motion., Two-sided failure patterns generally ars not suitable for
gross motion, Since two-sided failures do occur, an attempt has bsen made
to conslder possible two-sided fallure patterns, The approaches considarsd
are discusqgg in the followlng paragraphs.

_ (1) The first attempt to arrive at a suitabls approach was based on the
following assumptions {refer to Fig, 1 for nomenclature)s

l, A wedge of soil under the footing is assumed %o remain rigld
and to move with the footing (defined by sides making an angle
of @ with the horizontal surface for footings with a rough bass),

2, The fallure surface is a segment of a circls from the apex of
the wedge to the surface.

. 3+ The center of the failure circle 1s located arbitrarily at
a distance y above the surface and at a horlzontal dlstance

x from the centerline of the footing,

L.  The failure circle associated with the lowest failure load,
'P , 18 agsumed to be the most nearly correct cirele.

5. The failure is symmetrical about the centerline of the footing.

6. The full cohesive stress is developed in the soil along the
failure surface.

ARMOUR RESEARCH FOUNDATION CF ILLINOIS INSTITUTE OF TECHNDLOGY
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7. The frictional force along the failure arc is poverned by the cohesion
and the weight above eaech point. ,
These assumptions can by Justified for static corditions in at least two ways:
first, the resulting failure surfaces are similar to those postulated by
Terzaghl for a rough based footing]-‘/, and, second, the fallurz surfaces are
similar to those obtained from footlngs on Ottawa aand-g/. These justifications
are by no means introduced to prove that the assumed failure pattern is correct.
It ia,howaver, felt that the assumed fallure patternm will be a reasonable
reprasentation for the -observed patter 2 o Also, since no nther assumption,
including Terzaghi's&/-, is oompletely in agreement with the observed patterns,
one might expect the asssumptions made here to provide essentially the same
‘bearing capacity as Terzaghi's solution for. static loads,

(2) The second approach represents a modification of Hill's plasticity
solution (see Appendix A). For this approach, no wedge is Vasaumed under the
footing, and the failurs ;}attarn is as indicated on Fig., 2. If one considers
this failure mode as two mirror-image footings exhibiting ocne-sided failure,
the approach used in the original program for one-sided failure {based on-
Andersen' failure surface) is directly applirable, If the footing is con-
sidered as half the width, the one-sided failure load can be doubled to ob-
tain the bearing capacity for the original footing. The nature of this approach
is so similar to that used sarlier for one-sided fallure that detailed con-
sideration is not required. Plots of P wversus B or r versus B eoculd be
easily pre;ﬁared for various soil propertles as was done earliar.y In considering
this approach it should be kept in mind that in the experimental phases of this

program wedges are observed under the footing.

(3) The plastlci‘l",; solution for the punch on the half space (Prandtl's
solution) can also be used directly., Figure B.3 (Appendix B) shows the velocity
fleld associated with the;'Prandt.l solution. Such a failure mode could be used
. directly as a basis for predicting symmetrical failurs,

v

Y Terzaghl, K. and Peck, R. B., Soll Mechanics in Enginsering Practice,
- John Wiley and Sons, Inc., New York, 1948, p. 168,

‘2'/ MQKee, Kl B., OE. Cit., Appendix C

2/ Andersen, P., Op. Cit., p. 81
b/r‘McKee, K. E., OE. Citv, Appendix B
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A

Thesa three approéeﬁéa ghould be coensidered only as examples of
the many fallury ywytterns which might be postulated. Although some con-

‘glderation has been given to sach of the three approaches, they are limited
by their common assumptions. Detailed ressarch in this area will be conducted

when, and if, it is justified by the experimental results. For the present,
the aim was to conslider gome possible method of treating twowslded fallure with
the same general type of engineering approach used earlier for one-sided fallure,

It may be well to consider some of the limitations implied in the
above approaches, with emphasis on the obgerved experimental results. The
failure mode under dynamic locads may be the same as for gtatic loads, i.s.,

a clearly defined failure surface, but the experimental rasults for Ottawa sand
indicats that such a failure mode may i‘cnﬁ for dynamic loads only when dise-
placements are much greater than would be assecclated with thelr formatlon under
static loads, This indicates that the fallure mode may 4l ffer from the idealized
agsumptions discussed above through at least part of the displacement. The actual
resiatance~-displacement i not rigldeplastic for static loads, and there is m |
reason to assume that it would be under dynamic conditions. The other elements
of the assumptions similarly must bs subjasted to critical evaluation before
they can be accepted, Suffice it to say, that there are many questions which
only the svaluation of the experimental results can answer. -

D. Non-Vertical lLoads

In the original program, attention was devoted primarily to footings
subjected to vertical forces, This is an extremely common "type' of loading,
and for this reason it can be expected to bs important, Thers are, pcwever,
other types of loads which do occur alona or in combination with the vertical
loadst (1) overturning moments, (2) inclined loads, and (3) torsional momsnts,
The last of these ig of 1little practical importance and will not be considered
in this report. :

‘Overturning mements can be treated by considering eccentric loéda,
i.e., combinations of direct vertical load and overturring momerts. 3y intro-
ducing the same assumptions used in the original analysis for one-sided fallure,
this problem can bs analyzed.- The analysis for this class of loading is given
in detall in Appendix G, Gince the treatment thars is cempleta; suffice it
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to say that the graphical results presented in Appendix E of the final
reportl/can be used with only superficial modifications., It should be
noted that for this purpose the one-sided failure mods represents the
~ actual behavior,

The influence of inclined loads has besen studied during the
present program, but to date the results are not satisfactery. It 1s antd-
cipated that further consideration will result in more suitable analytid
aoproaches and furthermore should sllow for a sultable form of presentation.
At the time of this writing, ths need for a method of treating footings‘sub-
Jected to inclined loads is pointed out, and the fact that work has been and
will be done in this respect is reported,

17
~ McKee, K. E.y Ops Cit.
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SHEAR CIRCLE

Fipge 1 SRPLTFTED TuU=8TDh) FATILURE MODE Bas3kD ON PRANJTL'S SOLUTTON

P =, wrtier} lond.

x ®» horizontil d'stance to center of shear
circle from £ fuotin:

y = vertical distonce o center of shesr e‘rcle from
rrourd surface

r = radius of cleor circle

u,v e horizonicl and vertferl cuordir:iiss reasured from
center of s.ear c¢circle, -

g = rnele oof internsl friction of soil
c e - c¢ohesion of soil

¥ = un't we'ght of soil
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Fig. ¢ STHPLIFIED TWO-SIDZD FATLURE MOOE BASED ON HILL'S SOLUTION
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Chapter 3
BXPERTMENTAL INVESTIQATION

A, Qenaral

The scope of this project includes laboratory experimentation
to verify and support the theoretical research. This chapter discusses
the planned experimental studies and reports on the results ocbtainad thus far.
Since the laboratory work was initiated during June, the experimental results
are, of necessity, limited, and in some cases only preliminary results are
available. In the followling sections, the experimental studiea wlll be con-
gidored in three phasess material propertles, two-dimensional experiments
in the plass hox, and three-dimensional experiments in the sand box. The
planning for each of thaese phases will be discussed with detsiled infemation
reportad in the appendlces, .

B, Matardial Properties

Material property studies fall into two categoriest standard
classificatlon tests required as part of the over-all experimental program
and speclal research intended to increase the available knowledge regarding
the properties of dense sand. The first 1s an adjunct to the experimental
research and requires no spacial justification. Suffice 1t to say, that
standard soll classification tests will be conducted, supplementsad by addis
tional special tests as may prove desirable, The second category consists of
special studies intended to provide detailed svil propertles, Appendix D reports
on labératory work dealing with Ottawa sand. The angle of internal frictiom,
¢, found in the triaxial tests of the original program was questioned since it
differed significantly from that computed from bearing formulas based on the
footing tests conducted in the laboratory. Improved experimental procedures
have provided data regarding the angle of internal friction -- data which appears
to correlate with the results of the footing tests. Also included in Append‘x D
are the results of a serles of experiments dealing w!th restraints at the inter-
faée bstween sand and glass or sand and steel, These studies are intended to
provide relative and absolute information for use in the glas:s box (two-

dimensional experiments).
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For the initial laboratory studies involving cohesive solls, it was
docided to use one of the manufacturad snils that have been investigated unaer
ARF sponsorshipi/, By combining natural soil constituents under contrelled
conditions it has been found possible to produce soils having consistent
prcperties suitable for experimental studies,

c. Two-Dimengional Studies

A glass-sidod container has been used to simulate two-dimensional
conditions., Stati: and dynamic tests have been conducted on loose and dense
Ottawa sand, and the manufactured cohesive material, Static loads were
applied through a hydraulic jack or by means of a controlled strain rate
apparatug, Dynamic leads were applied using the apparatus doveloped on this
program {see Appendix G). Complete recnrds were mde, and Fastox photepranhs
were taken of the soll-footing interaction under dynamiec loads, DNaetails of

these experiments are contained in Appendix E,

D. . Three-Dimensional Studies

A box havinp plan dimensions of }; ft by L ft and a depth of
3 ft was used for three-dimensional footing tests, Tha only material utilized
to date has been Ott.wa sand, This same material war used in the original program,
_thus, the results of tké static experiments conducted in the original program are
applicable, Details of the three-dimensional dynamie experiments are re-

ported in Appendix F.

}/ Selig, E, T.. and Rowe, R. D., Artificial Soigf, Armeur Research Foundation,
K920, September 1960,
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Chapter 4

CONCLUSIONS

This interim report has attempted to cover all the research conducted
during the first half of the contract period, In general, the reportad work
is in prorress, and as a result complete data and generalizations based on
the research are lacking, Thus, the conclusions and recommendations expressed
below are tentative and subject to later revision.

The partnership of theoretical and experimental research appliad
on this project has proved moat effective. Parallel development in thess two
directione has maximized the information which has bean obtained within the
scope of the regsearch., The availability of exporimental rosults has lead to
the elimination of several 'promising' theoretical approaches, while at the
same time observations have provided the concepts for other analytical tachnigues.

The studies to date have provided much information regarding footing
behavior, The studies relating to behavior under static leads verify, in
general, the claasicél shear surface approaches, Ons-sided and symmetrical
failure surfaces have been observed. The bearing capacities have besn correlated
with those determined from the applicable theories. Earlier incongrulties,
between the soil properties determined from triaxial tests and those required
to correlate the theories and experiments, have been resolved. All indications
are that triaxial or direct shear tests conducted on the same soil and at the
same density would result in soil properties satisfying the theoretical reguirements.

The original prcjectl/ considered only one type of dynamic load --
the dropped welght. These experiments were carried out to establish the
potential of conducting dynamic experiments on small footings, but due to
project limitations, racording was imited to visual and photographic observa-

‘tions before and after the load application, From these observations of

fontines in bo+h the sand btox and the glass box, there was nc irdication

of the formation of a shear surface under a single load application. (The

second and third drops on the same footing were sufficient to cause shear

Y Mcxee, X, E., Op. Cit.
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failure,) This failure mode, i.e., settlement without obseorvable shear surfaeoes
under dynamic loading caused by a single dropping of a wolght, would be quite
difi‘ez‘{fﬁi from that observed at the same deflection for a static load. This

'di ferent’ behavior could be at least intuitively explained, since the dropped
waigﬁt represents a relatively extreme dynamie load -- egsentially an irdtial
impulse. On the other hand, it could be argued that a drop from a sufficient
height would cause shear surfaces to form and hence that the behavior would be

similar to that for static loads,

The devolopment of the dynamic loading apparatus .on the current

project has allowsd the application of less extreme type of dynamic loads, The
results of such tests indicato that shear surfaces would form although the
assoclated displacements excead those for atatic load. This implies that the
more extreme the type of dynamic leoad, the preater the difference in behavior,
(in the case of a linearly decreasing load-time history, axtremt%y would be
associated with high poak loads and s“ort durations). It might further be
spaculated that the difference in behavior is associated with the displacement

at which fallure surfaces form,
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Apoendix A

APPLICATION OF PIASTICITY AND LIMIT ANALYSIS
TO FOOTING TESION

by R. L. Chiapetta

ARMOUR RESGEARCH FOUNDATION OF ILLI'NOIS 'NSTITUTE OF TECHNDLOGY

- e ARF Project No. 8193-7
Interim Report



Aocsrondix A
APPLTCATION OF DLASTICTTY AND LIMTT ANALYSICS
TO OTING DRSICH

by R, L. Chiapetta

Al Tntroduction

The objoctiva of this anpendix is to coensider the role of the
.treary nf plasticity ond limét analysis as tools for invastipatineg the
tohavior of footinpe, The bahavior of footings subjocted to static loads
w11l be dieccuagad with narticular attention to the dfficulties involved
in ebtaining a solutlon and somn nf the limitations of the methods, Thisg
uill be followad by a presentation of regults of past studies of the static
nroblem, Consideration of the dynamic problem is conta‘naed in Appendix B,
“xplici tly, the discussinn will be matnly restriected to conslderation of con-
tinuous footingz subject to vertical loads, It is assumed that the
footine ‘a8 rigid relative to tha coll, so that the footing may be considered
as a ripid punch,

The difficulty in determining the behavior of a footing subjected
to either static or dynamic loads =tems, in part, from the complex mechanical
properties of real soils, For simplicity, the soil pEOperties are ldealized to
oermit use of mathematical theories, such as the theories of elasticity and
plasticity, Both of these theories may be applied to the footing response
problem, T'Infortunately, the treory of elasticity, at times, has been
employved where its validity is questicnable, This is due in part to the
absence of an adecuate formulation of a rule for determining tre validity
of the theory, Th~ following "rule of thumb" for the applicability of
elastic theory in soil mechanics problems has been suggested (l);/. 1f the
factor of safety of a mass of soll with respect to failure by plastic flow
{nortinuous deformation n* a oons*ant state of siress) exceecds a value
of about 3, the vertical siresses in the soll can be estimated by the theory

of rlacticity,

[ T et s e - . :
Ve Nurbers in parenthesis refer to references listed in Section A.7.
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A2 Plasticity Theory

In this appendix, failure is defined such that in sema porticn of
the soill the etreas level is high enough to extend into the "plastie" range.
Tt 12 further assumed that the streosses at a point are related accerding to an
accepted failure theory. For failure, 1t is expacted that, in gensral, thres
types of zones in the soil will have to be considered: elsstic aones where
the stresses can be computed by elastic theory, plastic gonos whore the state
of stress may be determined by using equations of plasticity, and transition
zones of intermediate states of stress., The exlatence of transition zones
makes the prohlem of computing the stresses extremely complicated. In order
to simplify the analysis, the existsnce of transition zones is someotimes
disregarded, and the 6oil 18 referred to as an elastlceplastic material,
Although some work has been conducted on wurk-hardening}/ theories for
s0ll mochanics (2), the theories have not been developed teo the point of
genoral acceptability, For this reason it 1s usually assumed that the
material ts perfectly plastic.g/

The field equationa of plasticity consist of equilibrium eguaticns,
strain-displacement squations, stressestrain relations, and the yleld function,
An exact solution to a plasticlty problem consists of a stress fleld and a
corresponding strain or dlsplacement field related by the stress-strain
ralations. The stresses must satisfy the equilibrium equations, the yleld
function, and boundary conditions on the stresses, The compatible dis-
placemants must satisfy specified displacament boundary conditions,

Tne equilibrium and strain-displacemsnt equations are of the c=ame
form as in the theory of elasticity. However, in plasticity the total strains
appearing in the strain-displacement relatlons are composed of the sum of
the elastic and plastic strains {3). The elastic strains are related to the
stresses by the siress-straln relations of linear elasticity., The usual
asgumptions of perfect plasticity requirs the stress-plastic strailn rate

—/*A work-hardening material is one for which increased stress accompanies
increased strain in the plastic range.

-2-/ A perfectly plastic material is ona for which the strain wlll increase
under constant stress.’
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relation to be of the form

o F( ogj)

3"13 (A1)

P
' =
€ ij A !
P - . .
where the e‘ii are the commonents of the nlastic strain rates,wv:i’iJ are
the corresponding comnoncrts of stress, F 1is the yield function, and A is
a positive factor of nromortionality which may be a finction of the space

coordinates (L).
In two-dimensional enil mcchanics. Coulomb's formula (1) for the

yield fumctaion is usually assumed. This function reduces to the Tresca or

von Mises function when the angle of internal friction is equal to zero.

With reference te three dimensions, the Coulomb failure law for an ideal L=

cohesive soil has been used to obtain the yield surface repmresenting the

vield funetion (5). Modified Tresca and von Mises yiald functions, which are
devendent on mean normil stress, have been considerad as proner generallzations
of the Coulomb rule to three dimensions whicih reduce to the Coulomdb law for

two dimensions (6). An imortant feature of a nerféctly plastic material,

that obeys Coulomb s failure theorvy, is that it exhibits dilataacy, that is,
nlastic deforration must be accommanied hy an increase in volume (8). It should
te noted that, in fact, dilatancy is observed in many soils, such asg dense

sand or stiff clay.

For the prohlen of a ripid nunch on a semi-infinite mass of soil,
only the incinient nlastic flow oroblem is usually considered in the literaturs,
so that the howndary coniitions at the undeformed surface are satisfied (7).
Determining the stresses and velocities, after the ounch has penetrated a
finite distance, is more difficult and would require a study of the successive
phases of the plastic flow. A consideration of the static problem of footings
1s helpful in gaining insight intoc and is a necessary prelude to the study of
lthe corresppnding dynamic¢ oroblem,

The case of a continuous footing reduces to a plane strain problem.
In general, for an elastic-perfectly vlastic material three ranges of mechanical
nsehavior are present in a olane strain oroblem: the elastic range (below the
elastic 1imit), the range of contained olastic deformation (between the elastic
limit and the flow limit), and the range of unrestricted olastic flow (peyond
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the flow limt)., Many plane strain problems have been solved by the thaory
of olasticity, but analytical solution for the sntirs range of containad
plastic deformation has generally been possible only when the shape of the
elastic-plagtic boundary was known 2 priori from symmetry conditions. As a
rule, the shape of the elastic-plastic boundary is not known beforehand and
general methods of solving such problems have not been dovoloped (3), An
additional complication ig that the stress boundary conditions are not
generally sufficient to make the problem statically determinate.

Becauge of thege difficulties, contained plastic deformatiecns can
geldom be treated by exact analysis, and it is necessary to consider numerical
mothods such as have been succegafully used in the case of elastic-plastioc
vorsion. However, locating the elastic-plastic boundary by mumerical
techniques is much more difficult in plane strain than in terasion (3).
Although a stress function describes the stress dlsiribution in both cases,
the stress coemponents are given by the first dorivatives in the case
of torsion, but by the second derivatives in the case of plane strain,

In both cases, the elastic-plastic boundary is located by the condition
that dlscontinuities of stress cannot exist across this boundary, In the
cagse of torsion this means that the stresg function and its first derivative
should be continuous acress the elastic-plastic beundary, However, for
plans strain, the siress function and its first and second derivatives

must be continuous. To fulfill the condition of continuity at the e.lastic-
plastic boundary, a much finer mesh must be used in problems of plane

strain than is necessary in torsion vroblems, This can be expected to com-
vlicate the numerical work considerably.

The final state of unrestricted plastic flow usuvally cannot be
treated in plane strain problems without & full amalysis of the preceding
states of contained plastic deformation. The analysis of the contained
plastic deformation would be necessary to locate the boundary vetween ths
elastic and plassic regions. In the problem of torsion of bars, it is
possible to treat the final state of unrestricted plastic flow without
reference to the preceding elastic-plastic states since such flow can occur
only when the entire bar has become plastic (3).
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A3 Iimit Theories

If one is interested in the loads necessary to cause unrestricted
plastic flow and not particularly interested in tho oxact stross distribution
at failure, the theorems of limit desipgn (9) can be & great aids It should
be noted that tho theorems are valid for three-dimoensional problems as well
ag for theso of plane strain. The theerems of limit design are concerned
with hediog of nperfectly plastic material subject te arbitrary historiss
of loading that are completely svecified. It is assumed that the boundary
conditions are of the stress tyne, that is, at every point of the body
each component of the surface traction is specified oxcopt vhere the
corregponding component of digplacemant is preseribed to be zero.

Beforo quoting the thoorems, it may be wull to define some concepts
and termms involved in the statemont of the thoorems:

A perfectlg plastic material is comoletoly characterised by its
yield function . which, for a homogoneous material, is only explicitly
denendont on the nine stress components. States of stress within the
elagtic range, O«<F<1l , aro called safe. Plastic flow can osccur only
under states of stross for which F = 1 , States of stresses for which

F 2?1 ars not possible in a perfectly nlastic mterial,

The torm collapse in the thoorems refers to conditions for which
vlastic flow would occur under constant loads if the accompanying change
in the geometry of the structure or body were disregarded, For this
type of collapse, the equilibrium conditions can be set up for the un-
deformed bOdyo

Statically admissible stress fields are defined as states of stress.
for which the components of the stress tensor are continuocus functions
satisfying the conditions of static equilibrium throughout the body and
on those portions of the boundary where the components of the surface
tractions are given. The preceding definition may be generalized to
include stress fields with a finite number of surfaces of discontinuity.

In these cases, the stregses must satisfy the conditions of equilibrium
on either side of such a surface and the components of the surface tractions
must be continuous across ths discontinuity surface.

. A kKinematically admdssible velocity field must satisfy two basic
requiremenis. ~First, ths velocliy component must vanish on those portions
of the surface where ths corresponding components of the surface tractions
are not orescribed, and secondly, the rate at which the actual surface
tractions and body forces do work, based on this velceity field, must
equal or exceed the rate of internal dissipation of energy computed from
the strain rates treated as ourely plastic strain rates,
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Subject to the above assumptions and definitions the following
two theorems are wlids I. If a safe statically admissible state of stress
can be found at each stage of loading, ccllapse will not occur under the given
loading history. II. If a kinematically admissible collapse state can be
found at any stage of loading, collapse must be impending or must have taken
place previousgly. These theorems can be used to provide an upper and lower
bound on conditions at collapse, The bounds so eastablished may be suffi-
ciently close for engineering usage. In somo cases, as will be mentioned
later, thoe uoper and lower bounds can be made tc-cé{ncide, thue the exact
collapse condition is detormined. '

In the above definition of a kinematically admiassible velecity
field, no mention is made of continuity. The concept of a dscontinuity
in the velocity field often is very useful in applying the 1imit theorems.
A volocity discontinuity is simply an idealization of a cohtinuous digtri-
bution in which the velocity changoa very rapidly across & thin transition
layer. If the yleld function demends on the mean normal stress {as it does in
Coulomb's failure theory), a discontinuity in tangential velocity must be
accomnanied by a semaration or discontinuity in normal velocity. In such a
case, the actual transition laysr must have aporeciable thickness, but the
conceot of a discontinulty surface still may be useful for ourpoges of

calculation.

The above limit theorems are valid in the oressnce of & transition
layer and are therefors valid in the limit as the thickness of the transition
layer aporoaches zerc, provided that the rate of dissipatien of energy in
the transition layer aoproaches a finite limit (9).

A very simple tyos of wvelocity field that is often used for
establishing a kinematically admissible field is a Tigid body sliding between
two portions of the soil mass. This of course implies a discontinuity in
velocity at the interface of relative motion. This type of discontinuity
will be called a "slide" discontinuity. As was previously mentioned, for
a material vhose yleld function depends on the mean normal stress, a dis-
cdntinuity in tangential velocity requires an accompanying normal or separation
velocity. For a slide discontinuity in a Coulomd soil, the angle between the
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resultant velocity vector and the tangent to discontinuity gurface is equal

to the angle of internal friction, This condition restricts the types of
admissible "slide" discontinuity surfaces to be eitter a plane (translation)

or logarithmic spiral (rotation), For a material whose ylsld function is
independent of the mean normal stress, such as the von Mises yleld functioen,

the permisslble slide discontinulty surfaces are_nlaneé and segments of cirocles,
An oxampla of the use of a plane velocity disconffnuity gurface will be given
later, in the prodlem of determining an upper bound on the critical height

of an unsupported vertical bank of soil.

Discontlnuous states of ctress as well aa discontinuous velocity
flelds are permissible in the application of the limit thaorems. Discontinuous
strass fields are of special value when used to obtain lower bounds on the
quantities at collapse, even though the streas fields may be without physical
'eignii‘icance (10). Equilibrium considerations require that normal and shear
stross be continuous across a line of stress discontinuity, but the tangential
stross may bo discontinuous, It can be shown that a fallure line cannot be
a line of discontdinuity in the stresses and since a discontinuity in the
velocity can only occur across a fallure line (10), {t follows that the
valocity field must be continuous across a line of siress discontinulty,

It has been shown (11) that the limit theorems previously stated
for assemblages of perfectly plastlic bodles do not always apply when there
is tinite sliding friction at the common interfaces, .such as might be present
at the contact area of the rigid footing and the soll mass in the classical
two-dimenslonal footing problem. Since the displacement or welocity vector
makes an angle equal to the angle of internal friction with the sllding
surface, there i1s a force acting normal to the surface, and work is done,
therefors, apainst the normal force, It is this negative work which glves
rise to trouble in the upper bound theorem. The rate of internal dissipation
" cannot be calculated in all cases because frictional dissipation is not uniqusly
detarmined oy *he flow nattern, It depends not only cn relative displacement
rate but also on the formal pressure on the frictional interface, a quantity
vhich will often not be known. This type of difficulty does mot affect the

lower bound thaorems
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Theorems have been developed (1l) which relate the limit leads
with finite Coulomb frictien to the extreme cases of zero friction or of
comolete attachment. The theorems are stated as feollows: A. Any set of
loads that produce collanse for the condition of no relative motion at the
interfaces will rroduce collapse for the case of finite friction. B. Any
sot of loads that will not cause collapse when all the coefficients of frictien
are zero will not cause collapse with any values of the coefficients.

Occagionally these theorems enabls the limlt lead to be computed
orecigely for finite non-zero ffiction. The well known two-dimensional footing
oroblem (which will be discussed later) for a von Mises material provides such
an example. Two solutions are available for upner bound computations. OCne
by Prandtl (12) contains a rigid region which acts as an extensien of the
punch and ;pe contact area. The other by Hill (13) assumes zero friction, and
appreciable slip does take place. Both solutions give the sams angwer for the
averige progsure (2+ T ) x where k is the yield stress in simole shear.
This value also has been shown to he a lower bound, Therefore, the 1limit
pregsure is (2+77) k¥ for all nossible values of the coefficlent of friction.

It should be noted that while ﬁhe limlt theorems are valid for an
elastic-perfectly olastic matérial, the elastic strains are not conaidered
when establishing a kinematically admissible velocity field. Therefors, the
material can be considered to be rigide-perfectly plasticE/ for the purpoge
of determining bounds on the collapse load; for a rigid—perfebtly plastic
material, as well for an elastic-perfectly plastic material, three groups of
differential equations describe the behavior of the material, namely the
stress equilibrium equations, the stress-strain relations, and the strein-
displacement relationshivs. In general, an infinity of stress states will
satisfy the stress boundary conditions, the equilibrium equations, and the
yield criterion; and an infinité number of displacement fields compatible
with a continuous distortion can be found, independent of the stresses, which

satisfy the disolacement boundary conditions. The stress-sirain relations

l/ A rigid-perfectly vlastic material is one which undergoes no strain
until the nlastic state is reached, in which deformation occurs at
a constant state of stress.
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are necessary .- determine sta'es of stress and displacement that corresnond.
In elasticity theory, a unique sblution of stresses and digplacements exists,
however, there is not unioue solution fer a rigid-plastic material. The
solutions normally presented consist of a deformation mode valid for the
entire bedy considered and a corresponding stress state for the region con-
taining the plastically deforming material. The completsness of such & selu-
tion depends on whether it is possible to find a stress solution, satisfying

the boundary conditions and equilibrium equations for the region assumed to

be rigid, that does not vioclate the yleld conditions. These nartial solutions
have been referred to as "incomplete” solutions and the ones for which the
stress solution has been extended to the shole body concerned are called

fcomplete" gsolutions (1L},

1

The velocity flelds associated with incomplete solutiens are uged
to ostablish kinomatically admissible fields, and hence they furnigh
upper bound valuss, The complete solutions for stress and deformations, while
the} aro indeed acceptable'solutions for a rigid plastic material, cannet
be reparded as the limit to the golution for a real material whose rigidity
constants have become infinite. Nevertheless, tho collapse loads associated
with these solutiens are the actual collapse loads for an elagtic mterial
with infinite moduli (r.gid-plastic) or for that matter finite moduli (elastic-
plastic), The relationship uf the deformaticn modes obtained in complete
solutions to those for an elastic-plastic material (1L) is unknown.

A.lL “ Previous Studies

Several studies have bsen made which illustrate well the applicatioen
of the limit theorems to the determination of bounds on the collapse load of
a foo:ing. In these studies, the weight of the material has been neglected
in the stress equilibrium equations. Investigations regarding the influence
of the Height of the mass have not vassed beyond the stage of establishing
the H fferential eouations (1). The welpht of the material complicates the
situation considerably., At given values of cohesion and angle of internal
friction, the material weight increases the critical load and changes the
shape of the surfaces of sliding within the plastic regions of the material,
The problem of computing the critical load on the assumption that the unit
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wolght is greater than 2ero has been solved only by acproxdmate methods ().

The above mentioned studies are baged on the'aolutions prooosad\by
Prandtl and Hill or generalizations thereof. Prandtl (12) oroposed a stress
field at incipient flow for the nlane strain problem of a flat rigid punch on
a semi-infinite mass of rigid-perfectly plastic material which obeys Coulomb's
yield function. The stress field was given only for the plastic portion of
the mass in the immediate vicinity of the ounch, No stress solution was
presented for the rigid reglon away from the ounch. The velocity field
agsociated with the stregs field implies that the punch was rough, that
no relative motion occurs between the punch and the contact area. The bearing
pressure corrasponding to the stress field is

pnccow[om‘“” tan’ (:’LL.+'_§._).1] , (Ae2)

where ¢ 1is the coheslen and # i3 the angle of internal friction in Coulemb's

law,
Kill (13) later also oroposed a stress solution for the same

oroblem for the svecial case where 9 = O (Tresca or ven Mises function).
This stress field resulted in the same bearing pressure as for the Prandtl
solution; this oressure is

o= (2 4Tk , | (A:3)

vhere ¥k 18 the yleld stress in simple shear. Note that EQ.A.2 reduces
by use of L'Hospitals rule to Eq A.3 when @ = 0 , where ¢ corresponds
to k . The velocity field associated with Hill's solution implies that the

~ounch is smooth.

Both of these solutions are "incomplete" solutions as defined
earlier, and their oresentation occurred orior to the development of the
uoper and lower bound theorems of linit design, However, after publication
of the limit theorems, it was shown that the velocity fields associated with
Hi1l's and Prandtl's solutions were kinematically admissitle fields (15).
Therefore, the pressure value in Eqs.A.Z'and A.3 are upper bounds for
Coulomb and Tresca materials respsctively. In additioﬁ, Shield and Drucker
(15) uscd limit analysis te show that a lower bound on the collapse pressure

for a Tresca material is 5 k .
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More recently, Shield (16) has extended the Prandtl stress solution
inte the rigld region and succeeded in asstablishing a statically admissible
stress field throughout the material for values of @ < 75° ., Therefore,
the Prandtl value,Eq.A.?,isiboth an uoper and lower bound on the collapse
pressure for values of 0< ¢ < 75° , and hence is the exact value of

average collanse vprassura,

Shield and Drucker (15) extended the applicatien of limit analysis
to the three-dimensional punch oroblem by considering the problem of a

rectangular flat onunch on 2 Tresca material., It was shown that a lowsr bound

for any rectangular punch is again 5 k while the upper bound for a smooth
punch lies between 5.7l k for a squars and (2 +77) k for a very long
rectangle,

Shield (5) subsequently .constructed a yleld surface for three-
dimensional stress fields based on Coulomb's yiseld function and used ths
inWer bound theorem of limit analysis to determine a lower bound for the bearing
capacity of a smeoth or rough rectangular footing on & soll, The stress fisld
wag an adaptation of the statically admissible stress field previously used
by Shield and Drucker (15) for a Tresca material, The lower bound obtained
for the limit pressure was

1
oot (L £ [u—m;a + 6in? ¢ +(1 +8in #) (i +stn® )

42 ¢ tan (-L'C -+--g-\ _ (A.L)

The 1imit theorems have also been used in problems related to the
classical punch problem, that is, in the problem of the plastic indentation -
of a'layer by a footing. A comnlete plane strain solutlon to the problem
of olastic flow in a thin sheet of perfectly plastic materijal laid on a
rough bvase and comoressed by a smooth flat footing has alréady been obtained
(17). In addition, through emnloyren% c¢f the limit theorems, Shield (17)
determined upoer and lower bounds on the average indentation pressure for

the same oroblem extended to three dimensions, for a sguare and c¢ircular footlng.
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Another promising use of the limit design theorems in this area,
i3 In problems with inhomogeneous media (6), Thay are apt to be of greatest
uge in such cases becauss of the enormous difficulty in obtalning‘exact
solutions, ‘

A.5 Tllustrative Problem

Te 4llustrate the application of the limit design theorems to soil
mechanics, the upver and lower bound determination of the critical height
of a vertical unsuoported bank of soil 1s presented here, A statically
admissible discontinuous equilibrium solution (8) is shown in Fig. A.1,
vhers w denotes unit weight, As mentioned earlier, a statically admissible
stress field must satisfy the equilibrium equations, ths yleld criterioen,
and the stress boundary qpnditions. In addition, since the proposed sitress
field is discontinuous, the direct stress normal to the discontinuity line
and the shear stress narallel to the discontinuity lins, must be continuous
across it., It is easily seen from Fig, A.1 that these continulty requirements
and also the stress boundary conditions (namely, stress free boundaries)
are satisfied, It remains to be shown then, that the stress field satisfises
equilibrium and the yield criterion in each of the three regions shewn in
Fig. A.1,

The equilibrium equations are

____go'x +_atﬂ. a 0

ox °y (4.5)
Wy 2% ., .
ox oy

|

The first equation is identically satisfied in each region. The first term
in the second equation is zero, and the second term is squal to -w for all
three regions., Therefore, both equations are satisfied throughout ths entire
dey-
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Coulomb's yleld criterlon may be expressed as follows:

{=0c- otanpg , (A.6)

where c i3 the cohesion; @ 1is the angle of internal friction; T and ¢
(taken as positive for tension) are the shearing and normal stress respectively
on a failure surface., Alternatively, the failure criterion may be expresssd

by

Raccosﬂ-ﬁ-;#':-z sin ¢, . (a.7)

where R is the maximum shearing stress at a point., The maximum shearing
gtress in Reglon I is w H/2 and occurs at the lower ground level. In Region
II, the maximum shearing stress is equal at every point and is also w H/2,
The plane maximum shearing stress 1s zero everywhere in Reglen ITI. There-
fore, the yleld criterion is satisfied in Region I if

—!zﬂ—gccosﬁ-—-iéx—-sinﬁf

or (A.8)
2 C C08
R -y

In Region II, the following inequality must hold for &ll values of y ,

w H +w i

—z—gccosﬁ-- sin @

or

%(l+sinﬁ)-wysin¢$ccos¢.
Note that if this inequality is valid for y = H , then it is valid for all
values of y in Region II. Therefore, setiing y = E the adbove inequality

may be rewritten as

Hes % m° °‘_’ss¢n , ‘ © (A.9)
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which is identical to Eaq.A.B. This may be written as

. ' (4.10)

In Region ITI, the condition to be met is that

O==c cos - ._.g_‘i_.gl'_}ﬁ sin 2

1

or

(H - y) m—t-cot 4,

which 1s satisfied for all values of y in Regien III, hence, this ineguality
nrovides n¢ real restriction on K o

Therefore, i the condition of Eq.A.10 is satisfied, the stress
field in Fig.A,] is statically admissible and a lower bound on the critical
helght is given by Ea,A.10.

A velocity field with a rigidfbody slide discontinuity is shown
in Fig. A.2. We shall now nroceed to nrove that it is kinematically admissible.
One of the requirements for a kinematically admissible field was that the
velocity component be zero on those oortions of the surface where the
corresponding comnonent of the surface traction is not nrescribed, Howsver,
in this oroblem the surface tractions are orescribed on the entire surface,
and therefore this requirement is automatically satisfied.

Furthermore, in orevious discussion, it was stated that for a
discontinuity in tangential velocity, such as is oronosed in Fig, A.2, the
angle between the resultant relative velocity vector and the discontinuity
surface is equal to 2 , the angle of internal friction., Therefore, the
normal and tangential velocities must be related by

QV‘ - au' tan ¢ ] (Aull)

as is shown in Fig. A.2, where 9v' and Su' denote the normal and
tangential velocities resmectively,
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The only reraining requirement for a kinematically admissible
velocity fleld is that the rate at which the actual surface tractions and
body forces do work based on the proposed velocity field, must equal or sxceed
the rate of dissination of internal energy comouted from the strain rates
treated as purely plastic straln rates.

The surface tracticns do no work since they are prescribed to be
zero. The rate at which the body forces (weipht) do werk is

—]2‘— v B2 tan 4 [311' cogd - v sin,ﬂ] .

From Eq,A.1l,this can be written in the form

_é_ v H? tan g [au' cosa - tan g sinfj . (A.12)

Dissipation of internal energy takes pnlace only at the surface
of sliding since the sliding body is rigid. The rate of dissication of energy
per unit area of surface is piven by the expression

D e TAu' +O3v! . (Ae13)

With Eq,A.6 and 4,11 this equation reduces to

D=¢ au' . (Aom)
The total rate of digsination is obtained by multiplying D by the length
of the line of discontinuity, H/cosd , therefore

c Qu'  Hleos & (A.15)

is the total rate, The requirement for a kinematically admissible field
is that the exoression in Eq,A.12 must be greater or equal %o the expression
in Eo,A,15, hence

—;- w H tan 8 [cosﬂ - tan g sm,ﬁ:] zc/cos, 8
or

—é—- v H sinﬂ[cos p cos S - sin g sin,&] ccosf=0 .
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This reduces to

2ccos @
P < Acos (P+8) (8.16)

Minimizing the right-hand side gives

4Et

Thersfore,
o= 2ccos P
¥ sin (—F -?—) cos (—?4- _T)
or ‘ (A.17)
;{,LE=2 tan (-%[ + -%—) .

orovides an uoper bound on the sritical heipht, Hc . Note, from Eq.A.10
and 4,17, there is a factor of two betwcen the upner and lower bound,

22 tan (.EL+_2_> < H_ s.Ltan (-’E’E .2y, (A.18)

The upper bound can be improved by considering a rotational
discontinuity (logarithmic spiral) instead of the translational type,
however the translatisnal type equally well illustrates the method.

A.,6 Dynamic Problem

Although the limit theorems provide a very ussful tcol for determining
bounds on the stat.c collapse load, no such general methods are available for
the case of dynamic loading. A numerical procedureucan of course be employed,
however the addition of inertia tsrms in the governing equaticns will certainly
add to the camnlexity of the ovroblem and may necessitate more simplif&ing
assunntions than intrecduced in the stasic orcblem, The plane plastic sirain
vroblem with inertial effeats is discussed in detail in the following
appendl x.

ARMOUR RESEARCH FOUNDATION OF I(LLINO!S INSTITUTE OF TECHNOLOGY

- - ARF Project No, 8193-7
Interim Repori



mny

aseetun) Co ) [ 9 m

A.7 References

1.
2.
.
L.
5.
6.
7
8.

9.

10.

12,

13..

L.

15,

18,

17.

K. Terzaghi, Theoratical Scil Mechenics, John Wiley and Sons, 1943,

N, C. Drucker, R. E. Oibson, and D. J. Henkel,"Soil Mechanics and
Wurk-Hardening Thsories of Plasticity", Proc. ASCE, Vel. 81,
Paper 798’ SOpta 1955'

W. Prager and P. G. Hodge, Theory of Perfectly Flastic Solids,
John Wiley and Sons, 1551,

D. C. Drucker, "Some Implications of Work-Hardening and
Tdeal Plasticity", Q. Appl. Math., 7 (1950), L11-L18.

R. T. Shield, "On Coulomb's law of Failure in Soils",
J. Mach, Phys. Selids, L (1955), 10-16.

D. C. Drucker, "Limit Analysis of Two- and Threc¢-Dimensional
Seil Mechanics Problems", J. Mech. Phys. Solids, 1 (1953), 217-226,

Re T, Shield, "Mixed Boundary Value Problems in Soll Mechanics",
J. Moch. Phys. Solids, 11 (1953), 61-7S.

D. C. Drucker and W, Prager, "Soil Mechanics and Plastic Analysis
or Limit Design", Q. Appl. Math., 10 (1952), 157-165,

D, C, Drucker, W. Prager, and H. J. Grsenberg, %Extended Limit
Desigg Theorems for Continuous Media", Q. Appl. Math., 9 (1952),
381-389,

R. T. Shield, "Stress and Velecity Fields in Soil Mechanics",
J. Math, Physo 33’ 2 (195&) 1hh°156'

D. C. Drucker, "Coulomb Friction, Plaatic*ty, and Limit Loads",
J. Appl. Mech., 21 (195L), 71-7L.

L. Prandtl, "Wber die Harte plastischer Korper', Goettinger Nachr.,
mth:“?hys. Kle, (1920), 714-85.

R. Hill, "The Plastic Yielding of Notched-Bars Under Tension®,
Q. J. Mech. Appl. Mathu, 2 (l9h9), ho°520 o

J. F. W. Bishop, "On the Complete Solution to Problems of Deforma-
tion of a Plastic Rigid Material", J, Mech, Phys, Solids, 2 (1953),
hB“SBQ '

R. T, Shield, and D. C. Drucker, "The Apnlication of Limit Analysis
to Punch-Indentation Problems", J. Appl. Mech., 20 (1953), L53-L60.

R. T. Shield, "Plastic Potential Theory and prandtl Bearing Capacity
Solution™, J. Appl. Mech., 21 (1954), 193-19L.

R. T. Shield, "The Plastic Indentation of a layer by a Flat Punch",

ARMOUR RE Qeippl. ﬁhé 1? QgSS),LLINODS INSTITUTE OF TECHNOLOGY

. ARF Project No. 8193-7
°c Interim Report



— X
Reglon It " Tv =0
0" = -wy
H y
Region Imcrx- 0"y--w(y - H] Region IIt 0" w(y = H)
‘ « -,
T . Y J
Y . Txy= 0

Pig. A,1 AN ZQUTLTBRIUM SOLUTTON

H tand

Su'
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Agggndix B
T™HE METHOD OF CHARACTERISTICS
APPLIED TO PROBLEMS OF PLANE PIASTIC STRAIN
WITH INERTIAL EFFECTS

by Philip Q. Hodge, Jr,

B.l introduction

If a slowly increasing load is applied to a structurs mnde of a
rigid-perfectly plastic material, the strusture will romain rigid so long
as the load remains less than a certain critical load variously known as
the "yleld-point load", "oollapse load", or "limit load", If the yleld-
point load is reached and maintained for a fintte length of time, the
structuro will deform in a ouasi-statie flow, which will continue indefinitely
or until the gecmetry of the structure is aufficlently changed so that the
yleld-point load of the doformed structure is differsnt from that of the original
atructuro, Howaver, if the load is increased above the yleld-point load,
there will be no possible equilibrium configuration of atresses and all or
part of the structure will engage in aeccelerated nlastic fiow, In convontional
applications, such accelerated plastic flow would be disastrous to the structure,
and its theoretical detalls are generally of 1ittle practical interest. How-
ever, if the timo duration of the overload is sufficiently small, then the
inertial resistance may be great enough to limit the deformatione to structurally
reasondable values, The relation of this tyve of loading to blasts from

nuclear or H B detonations is obvious.

Previous work on overloads of this tyce has been done on beam and
frame type structures, (1- lS),}/ circular ~lates (16 - 19) and circular
eylindrical shells (20 - 26) . The present appendix is concerned with
oroblems in which the plastic structure is in a state cf plane strain, 4 typical
problem in this category is that of a semi-infinite plastic mass pressed upon
by a rigid punch. (The term "structure™ is perhaps used locsely here, re-
ferring ag 1t does to the semi-infinite plastic mass,) Such problems have

Y Numbers in parantheses refer to the references listed at the end of the

appendix, .
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been previocusly treated from the quasi-static viewnoint {see, for examnle,
27 or 28 for text~book treatments) but this is belioved to be the fifst
atterpt to include inertial effects in a oroblem of nlane strain.

In the next section, we shall first state the basic differential
equations of the oroblem and simolify them somowhat by a change of variables.
Yo shall then find tha characteristics of thisg system and the relations that
must hold along those characteristics. This discussion will be carried out
for deformations of arbitrary mapnitude. Section B.3 will bepin with simnli-
fication of the equations for the case of small deformations such that the
Eulerian and lagrangian coordinates need not be distinguished from sach
othor. Tho differential equations will then be renlaced by corresponding
di fferonce cquationg in prevnaration for a numerical solution. The following
gection will be concernad with the examnle mentioncd above in which a ripgid
ovunch is nressed apainst a gemi-infinito plastic mass. A possible numerical
schemo for thu solution of this example will be presented. Finally, the
renort will eonclude with soms suppestions for oxtension of the results,
hotls to other nreoblems ef plane strain and to some related oroblems in seil

mechan.cs.

B«2 Basie Equairensg

Under the usual assumotions of nlane strain, threse stress

components, 63’ , G;' , 77,; , and two velocity comoonents, W' and

v' must be determined. Primes arc used to denote physically dimensioned
quantities; unprimed symbols will oresently be introduced for correspondiﬁg
dimensionless quantities, To determine these quantities, we have available

tvo equations of motion

-
e il at! Du’ -V 1%y 1Y
B 4 AYe = P — = P —_— W + v (5)
a%’ 2y’ D¢ a2t ox 2y
L .
aay’ aT, DV av’ , v’ v
y -+ LD S F _____7 = P + U -+ vl _a__ (b)
Dy’ %’ D¢ a2t d X ay'J
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the yield condition,

F{oy,

and three flow-law equations,

2u’ , OF

——— i ! -G
€, = a‘,'r- A oy B 2 A (0y .,)
3V’ , oF '
.. &, m—Lt o A— = 22 (0 -5)
_ ay' BO"

‘ '
2w v - 7: ?F

B ee——

L
ly BY' ax, B’t’,y

&, Ty B (v -0y)t 4T ) - 4kt =0

= 8N T .y

(e)

(B.1)

(d)

(e)

(£

Here N 1is an unknown sealar function that represents the magnitude of the

plastic strain-rate tensor. We introduce dimensionless quantitiss defined by

X" = mx, Y= by, W= \/z.k/;: “, v’=,/7.x/§> v

(Bs2)
/ [} A
o= 2hko;, cy = 2k Gy, T,y = 2kT,yy, el [B72K ¢
where L 1is a tynical length of the oroblem, so that Eg B.1l become
X - ETu_: Dw - R -y DA
2% Dy 2t DX By (a)
s > > Ey.
2y 2% -3 x By
( O"’ - 6-73 -+ 41:"!.\/ -1 =0 (c)
D
s = ? (03 - &) (d)
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D v '

D DV
2y | 3x A2 Ty (£)

Next, dofine <o as the dimensionless mean normal stress and
6 as the angle from the negative Y axis to the first shear direction
(see 27), which leads to

0"; = G’;'/ZK e WO +!i Sn 20 '
' . (Bub)
&y = &§/2k = -4 on 20 .

T, = 't",.’/?.k =z - i o 20

Y7 2
‘Equations B.L identically satisfy Eq. B,3. At the same time, we combine
EQuBe3s Bedd, o, and £ so as to eliminate A ., The resulting set of four

equations for ‘he unknowms w, 6 , ., and v is

W, + 0, ced 26 +8, 5N 20 = wuy - VY = WL (a)

Wy + B8, Bn 16 - 8,528 - Uy, —vy, = V, (b)

(B.5)

“wy Vv, =0 (e)

W, CoS 280 w U, SN 28 * v, 3n 28 - v, o320 =0, (g)

I

4 14

where subscrivts are now used to indicate differentiation,
The explicit time dependence of the problem occcurs only in the
right-hand sides of Eq,B.S5. For the purpose of finding the characteristic

curves at any time + of Eq,B.,5 , we may temporarily regard the right-hand
sides as known, The characteristic curves are then defined as those curves
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T across which some derivatives of .0 , & , W , and/or v may be dis-
continucus; although the functions themselves are continuocus. If wo1is known

along such a curve T , then the variation SW along T 1is also known.
Therefore, the partial derivatives of & on T must satisfy

¢S, dx = e, dy = duo,

Similar relations must hold for the ather variables:

©,dx + 8, dy = df
Uy @x = u, dy =du

VvV, dx o+ oy, dy s dv,

(a)

«(Be6)

(v)

{e)

(@)

In general, the eight Eq, B.5 and B.6, regarded as linear algebraic

equations for the eight derivatives ¢5,, wy, &, , & , u, , Y,
Ve
is defined by the proverty that these derivatives are not all uniquse, but

L

» Vy will yield a unigue sclution. However, a characteristic curve

may have dlfferent values on the two sides of the curve. The condition for

this lack of unicueness is that the determinant of coefficients vanishi

| o) s 28 n2® -~ -V o -
o b oIn 26 <S8 0 e e
o] o) () o v o o)
o] (o) o o} LoH 28 enl® Sne
dx dy o o © o o
0 o d x d7 Q o o
o) o) c c dx dy o
o) o o ) o) o) dx

o
-V

e
o

O
dy
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After some manivulation, this requirement can be shown to be souliwalent to
the egquation
gy \* o ke
[am 29(;—*\ + 2 o= 18 ai - o 20| = 0O

X/ X (B.B)

Therefore, Eg,B.8 represents the.desired differential equation for the characteris-
tic cuwrves of Eg.B.5. Solving for Q.;(. , We see that

dx
—d—l- = - cot B : (a)
dx (3.9)
dy .4
O = tou . (b)

are each double characteristics of EqeB.5; we denote them as first and secoend
cﬁéracterist.ics, resvectively, In view of the geometric interpretation of

© , the characteristic curves are everywhére in the dirsctions of the lines
of orincival shearing stress.

The oreceding results are identical with those obtained fer the
corresponding quasi-static oroblem (27, 28)., To obtain the relations which
must hold along the characteristics, we refer Eq,B.5 to cuwvilinear cooi'dinates

; and m in 'ghe first and second charecteristic directions, respectively
(Fig. B.1). Denoting the components of the velocity vector by . and v
in the 3 and | directions, respectively, we may write

d%cemedx—wbedy; u:psmeﬁ-Qccse
{(B.10)
d'r( = o 8 dx + b\ﬂed\/; Vs -8 3y 5O
Substitution of Eg, B.10 into B.S5 together with some elementary manipulaticn
leads eventually to the four equations
ey -Jey =o (a)
(B.11)
\)q + A er{ =0 y {v)
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(o -9)$

V( jn -Qe.,l)-t-(,u;(__—Qe‘) (e)

(o +0)y = H(\)} -Fp.e)) + (N, + )\Aeg) (q)

The terms on tho right~hand sides of Eg.Blle and d ars, of course, the
inertial effects. If they vanish, Eq B.ll reduce to the well-known results

for quasi-static plasticity.

Be3 Difference Equations for Small Deformations

If the totel deformaticns are sufficlently small, we nesed no
longer distinguish between Eulerian and lagrangian coordinates. Thus,
regarding the left-hand sides of Eq,B.lb and ¢ as writtsn in Eulerian
coordinates, we miy uss the simple tims derivate of the middle members
rather than the oxtreme right-hand sides of Eq,B.l2 and b, Following this
argunment through, we find that the non-linear velocity terms in Eq, B.llc and

d have disappeared so that our set of ecuvations {s now

by o= 06, =0
W).,\ + }Le.luo
(w 'g)s = o ‘Qet

(LA.} +9),1 = Qh - )&e,,_

(a)

(b)

()

To replace Eq,3.12 by difference ecuations, we consider first
derivatives with respect to time. At any instant 4+ , we may reasomable
assume that we have solved the problem for all previous times, in

particular, at a time £ -At » If we expand any function @ at €«-At ina

Taylor's sertes abcut t we cbtain
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@ (v -at) = @)~ ¢, (ae + -‘i P, (¥) acta ...

Therefors, (8.13)

Q‘(t) = M + kAt

At
whore k A+ represents the error invelved in truncating the sertes and the
notation P 13 used tc designate @ (% - Ar) ,

Replacing the time derivates in Eq, B.l by Eq,B.13, ve obtain
the get of squations

}.L’“)e}ﬁ-o _ (&)

Vo tp8q=0 (b)
. - - (B.1L)
(w-e), = (’“—')"'i; V(88 | kae (c)

(w*e).( - (O-U)A‘:‘M<e-§)

To replace derivatives with respect to ; and m by finite
differences, we express the values at the mesh points by Taylor's serlaes
about the midnoints A or B in Fig., B.2. Thus

+ kAt (d)

¢l¢, N kY

M) s pa) ER AL, g (A) rE AT 9y (A) = w85y Q’”(A) +ien,
Py
whence, by adding or subtracting,

¢(A) = “2‘ ( ‘PLJ + ?L.u,,‘) +k A;:; (a)

BGq Py (A) = Pioyj - Py = kas"s | (v) o
B.

ARMOUR RESEARCH FOUNDATION OF ILLINOIS INSTITUTE OF TECHNOLCGY

- - ‘ ARF Project No. 8193-7
Interim Heport

et - 1]




Simdlarly,

?(B) = 4 (P .+ 9) * kAN (c)

3
Suwstitution of Eq,B.15 into Eq,B.14 vields the four difference cquations

Beio,j = Py =3 (\);;.‘i - \)-“.)(9..‘ - 9;,) +k A s (a)
) | (B.16)
Vi jer = Yy "'f';_’ (Pa,;-‘ "‘}*a.)(ee,;.. -8y + kA &3 -0
' (v)

(N;.. e""")- <LQ‘I'&‘ ‘e;é) * k\A\‘. A, - k‘ A,a =

-
u-'i [(HL.IA - My ~F;..]'& -PH)//At +

-J?: (\)»O',‘ -+ ‘);‘)( ‘.ov 6 - 9‘3 - 5(..‘,‘ = La)] As.,‘/At (a)
(LAJ\. b +8, ‘_) (b.h' + e,,‘) + k, At A'r{ - k A'rl = (B.17)

| .
= E[(OL,G'N *Di. 3 Jin 0;‘)*‘

/ (b)
1

*E(P“oi" ,“L")( S en. s‘ lol 9..)]0/:1'. /t
In the anplication to follow, i and ¥ will generally be known

at voints to the left and below and it will be necessary to propagate up and
to the right. Therefure, we are interested in solving Eg,B.16 for M., and
\)L‘- in terms of values at =1 ,3 and L,J—-I « To this end, we
simply replace L by L-1 in Eg,B.168 and J byé’-\ in Eg, B.16b. Doing
this, and solving the resulting linmear relations explicitly for M and

v

4 , wWe obtain

LP'L-“, Q P‘-L ‘-\( y‘ b-l ‘) eL‘ - eL "“)

(B.18)
~:a_<o.h.m 0, - ,»]/L £ (04 - 600y ~ 04,
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\)‘J [\)g it ’lq' e&‘ -6 s)(e~§ OS¢ "‘) i l‘

(P*u,j-' - M, 3Xe;‘ 8, 3-\).]/[ 94.3 - 9(.-\,3)(9»3"9\ r.)j]

Te handle the terms A}q and A'r“‘- in Eq. B.17 wo need the
goometrie relations the Cartesian coordinates XG0 Yoy oo By use of
aporenriate nower series exvansions, it is readily verified that

Reary Xy =3 &$‘-i( Sin 9.—,..,‘- + SN 9"‘) +ktk$‘

Yeori =Y = =5 O3 ( con O +eon 0y) + ka$®

(B. 20)

Xijor =%y = JZ-. A'q‘a-(c.csem.. + o5 Oy) + kAyl‘

Yige -=”\/'.3 o é: A’V‘(;S (5‘“ e"‘é" + =i 9%‘) + Kk A'q‘

Solving these relationsg for TR T Ah. and Awl-_'-, we obtain

A ?L‘ =_. ZA 4 (5"\ e‘,‘o\ + SN 9“)()(‘_."3 -— K“.‘.‘) ¢.

= (eos eL,"n“"C'Os 9:‘)(71“,4 =Y, ;..)] (a) (B.21)

Amy = —?.A-.‘Bcoav éc.\,; +cod eq)("c-u = Xy per) *

-+ \5“’1 9_,,6 -+ %lne.‘)( yi,cl‘é - YL,)#IH (b)
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Hys

i = Aq[(cos O, * o5 8y)(cos B ;.. * cos oy) Xio,y *

+ (o 0, + o0 oy )(omn 0y ju* sInOG) %, +

o(3.22)
+ (blﬂ Gt..'j + D1 Gq)(m el,j" + COS Ogt)(\/h\" _Y"‘.‘\ﬂ
Yy = A\-l [(am 9;.“ + nn B )(5\!’1 9.,"'., - BN e._"-) Yoo, § -+
+ (c.cs Ota,j + o5 6 )(cos 8,0 +cos Qq) Yirjor + (3.23)

+ (con 8., + co8 eq\( BN B, + BN 9«;)()(;..,5 -Xc,i.\)] .

where
' -1
A “' = [l + COYH (9‘.,4 - e'_‘) “ CO%H (9(,"'.' - 6‘43 - wﬁ(eg.s‘ - s“‘“XI (BOZ}-I)

If wo subtract Eq B.6b from Eq B.17a and use Eq B.21l, we obtain a non-linsear
algebralc equation which involves only & at the point { , d 1
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To summarise, we have six equations(Eq,B.18, B.19, B.22, B.23, B.25 and B.26)
availabe at each point L, ]  to determine the six variables My » Vg »

x,_‘ T ’ eq and "‘tj at each point, Wa shall demonstrate

a possible iterative mothod for solving a particular problem in the next sesticn,

B.4 Example

Ve considsr as an example a rigid ounch of width 2 L preased
against a plastic half-space with a total force 2 Pk +« The quasi-statis
solution (Fig. B.3) to this problem is well known (see, for example 27). If
the punch surface is perfectly smooth, then there.exist alternative velosity
fields (27), To avoid possible ambiguity, wé 3hall agsume the punch surface
to be rough,

The yleld-point load ig P = 2« , and the imoipient velooity
field consists of a downward motion of the center ssction ABA of arbitrary
wolooity & , togothor with flow aleng the characteristics of magnituds
i./J‘Z' in the romaining plastic regions.

We shall assume that the punch dlsplacement ® 18 knewn as a
function of time and that

z2(c) m2() =m0
i) 20 (8.27)
Z(e)= By ¢l derall £3T

The last restriction snables us to use the Eulerian form of the equations and
tc. neglect the motion of the boundaries, We wish to find the solution at all
times t and in particular %o find the desired force P as a function of
¥tima, '

We assume that the solution &t any time € has the general character
shown in Fig, B.L. A central ocurvilinear wedge ABA moves rigidiy down with
velocity 2 ; in the region ABC, the second characteristics all pass through
the singular point A; the characteristics in ACD have no singular peint.
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Along the wedge boundary A3, the normal component of velocity
must be tontinuous, hence
po= 2 cos © en AR (B.27a)

With ). known, Eo. B.16b with i revlaced by 'l-l ylelds

Qq o \).-”)_‘ *'— z(cab eL‘ + <O 9.“..)(9,6 - 9‘ ‘.‘3 on A%B.m)

Since v must vanish at B, EQeB.2 my bo abolied to i‘tnd ¥ at each point
on AB,

On tho boundary BCD, the normal velocity comoonont must vanish,
V=0 on BLD (B. 28a)
It then follows from Eq,DB.1lla that

pea const. = i./\fi en BLCD (B.280)

where the constant is evaluated from continuity of AL at B.

On AD, no loads are applied, hence it follows from E¢ B.L that

wee- iz, (=™ 3'“‘/4 en AD (B.2%3, b)

Also, since motion of the boundary is neglected

Y:.-.O on AD, (B. 250)

Finally, if we orescribe & uniform spacing of mesh ﬁoints numbered from ths
coint A,
x, = LAX on AD.
(B.29d)

It is convenient to ragard the singular point A expanded to
the infinitesimal curve A' A'' A'*' a3 indicated in the insert to Fig, B.l.
From A'' to A''! the field is not singular and the boundary conditions are
the same as B.29. However, along A' A'', © on the -LQ\ characteristic
counting from A'' will be assigned the value

= 5 - N 1 n .
o, = (2r/) + Lag on A& (5. 300)

ARMOUR RESEARCH FOUNDATION OF 1LLINDOIS INSTITUTE OF TECHNOLOOGY

- - ARF Project No. 8193-7
Interim Report

) p ) - ety

pnin



0f course

Xuyea o on A’ A.'l' .
(Bu30b,0)
so that A’;An 0 and Eq.B.17a redwwes to w-O=constant. lonce,
wea~kh +LAP on AA (B.304)
Assuming wand 6 to be known on AB, the force P is given by
Pas [(-2w + tan ©)dx
(B.31)

°
an equation which is easily inteprated numerically,

To find the solution at any time € , we assume it known at time
£ ~-At + Wo guess a value of © based on its nrevious values. Ws divide
the nnkrown angle betuwoen the charactaristics AB and AC a%t A inte n

.-equa.l angles A ¢ , where m is rlven and AP is guessed, Similarly, the
unknoewn lenrth AD is divided into a known number of intervals n of equal
but unimown mignitude Ax . Denote the point C by O, O and increase
along CD and J aleng CA, ‘

Equations 3,27 and B.28 show that m and 9 along AB and BC are
comoletely svecified in terms of the puessed values of © ., Therefore,
the right-hand sides of Eq,B.18 and B.19 are all known and ja.; and. V;{ can
be found at points next to the boundaries AB and BCD , Continuing this
process, we can find ji and ¥ throughout the field.,

¥Ye next apply Eq B,25 to a point next to the boundary AD , regarding
everything as known except 9«.5 « Determining a corrected value for ©¢; from
the resulting ncon-linear equition, we can then find Xy 5 Y » 8nd Wi from
EQ.B.22, B,23 and B.26, respectively. This process can be carried out success-
ively back across the entire field and eventually furnishes corrected values
of & in the boundaries AB and ACD,

This new sclution is not tested against three criterias (1) the
value of ® on AB should not have changed too much from the previous
step, (2) © at 3 should equal /L, and (3) x at B should equal -1.
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Failure of either or both of the last two criteria calls for corrected guesses
for A¢ and Ox , respectively, and failure of any one or more of the
three criteria calls for an iteration of the entire process, using the new
"values for 8 , A@, and Ax . After a gufficient number of iterations
gso that all criteria are.satisfied, another increment of time 1z added and

the entire process 18 repeated,

B.5 Concluaioens

The precoding analysis rcpresonts a first effort in vhat is be-
lieved to be a new field, Some important theoretical questions remain un-
answered, and numerous future problems are suggested,

Among the theoretical quegtions tho primiry onos deal with
convergence, uniquencas, and the non-linear terms in Eq,B.llc and d,
I¢ soems intul tively plausible that the iteration precedure supgested for a
particular examole in the orevious section will converge. Howover, intuitien
i3 no gubstitute for mathemitical rigor, and it would be most desirable to
prove this convergence in the mogst goneral terms peoseibls.

The question of uniqueness is always a thorny one for a perfectly
plastic material, 1Indeed, in quasi-static oroblems only the yield-point load
is unique, 1t fregquently being possidble to construst alternative stress or
velocity flelds. To the author's knowledge, unigueness of solutiona to dynamio
plasticity problems has received no attention as yst, ’

Pinally, among the mathematical ouestions to be answered, is the
di sturbing-one concerning the non-linear velocity terms in the equations of
motion., It will be recalled that the characteristics were defined as those
curves across which some of the derivatives with respeat to 71 might be
discontinuous. Therefore, it is dfficult tc accept the appsarance of such
derivatives in Eq,B.1lc. The whole subject of the nature of discontinnities
permitted across the characteristics needs to be more fully investigated for

squations of higher than second order.

Assuming that the appearance of the %}- terms in Eq,B,1lc 18 satds-
factorily explained, there still remains the question of how to evaluate
the equation. Although finite-difference approximations for cross derivative
terms are easily obtained, thsy apparently give a lower order of accuracy
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for the same number of voints.

Turning next to other related problems, an entire vista opens up,
Indeed, any problem for which the quasi-static solution is known would seem
to bo fair game for a dynamic analysls, e.g., indentation of a plastic mass by
a ripid wedges Looking stlill further ahead, one can considor rotatiocnally
symmotrie olastic oroblems whose cuasi-static soluticons have been ocbtained by
Shield (29, 30).

S5ti1l ancthor directioen, and one of considerable oractical immortance,
13 tho oxtension to the failure crlteria usually used in soll mechanies. Hero
the ylold stress k , instead of beinp constant, is a function of ¢ o Thus,
Fg B.1lc must be renlacad by

kR
(o) - 55)" = aT,) - ‘*[k (“’)J =© (8.32)

Cbviously, this modification will affcct not only the stress equations, but
also tho {low Jaw, Hewever, althouph the resultiap equations will certainly
be more comnlicated than Eq,B.5, they should be of the same ordor and centain
the same derivatives. It therefore annecars reasonable to hope that the re-
sultinr ~roblem, although more comnlicated, will not be intrinsically mere
diffieult. Since even for the nerfectly plastic material, a high-speed
computing machine must be resorted to, there may well be no essentially new

problems encounterad in such a modified analysis.
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Fig. B.1 CURVILINEAR COORDINATE SYSTIM

_ Fig. B.2 TYPICAL MESH IN CHARACTERTSTIC NET
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Anpendix C

FOOTINGS SIRJECTED TO ECCENTRIC LOADS

C,1 Introduction

This appendix considcra footings subject te eccentric leads, i.e.,
combinations of direct vertical loads and overturning momentss This loading
cendition 13 shown on M.g. C.l, where the moment i3 Pe , @ renresenting the
eoulvalent eccontricity of the lead, Consideration of the nogsibility of &
mement, Po . inereases the penerality of the solutions oregentad in the
Final Reﬁorbé/ on the oripinal nropram. It should he noted thnt since the cage
where, e = 9, reduces to the onc-sided failure for contral vertical loads as
considered enrlicer, that cuse (0 = Q) can hg_igpaidcrod as a gneclial class

of solutions for *he rasults »rescntod herein,.

The assumntions mide in this annendix nre the same as those mde

in the oririnal renort and renresent vet a furthor cxtention of Andersen's

2/
rethod=" .,

L 4

1. The failure surfacce under dynnuie leads will be the surface
determined by annlicaticn of the initial value of the dmamic
loads ay a° static lond.

2. The resistance offered to movemcnt is rigld plastic in form,
i.e,, settlement and soll commressibility are not considered.

3. The maxdmum nlastic resistance eouals the static resistance
determined analytieally, assoclated with the failure surfaces
conglidered in item 1 above,

L. The behavior of the soil is defined by the narameters ¥,

g ,and ¢ , where @ and ¢ may themselves be functions
of many narameters relating tc the soil and the condition
of loading.

First the static oroblem will be treated, and then the earller dynamic anoroach

will be modified to imclude overturning moments. For the purocses of this apoendix,

anly the reanltineg enuations will he nresented -- the develonment follows that

shown in earlier reoorts on this ~roject.

Y McKee, X. E., Desipn and Analysis of Feunditions for Protective Structures,
AFSdC, TR 59-55, Ottober, 19535,

2 L .

—/ Andersen, P., Substructure Analysis and Design, the Ronald Press Co.,
New York, New York, 1956, », HL,
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C.2 static loads

Based on Fig, C.1, the static solution can be desveloped for a
two-dimensicnal footing subjected to eccentric loads, following Andersen's ,
goneral approach. This results in the following two equatlonas ' {

2
Ps[b-ﬁmtﬁnﬁ - [1+_);_(1+2rng)+(__13_) (1-o-2rtl,m952]_*_I~
- (c.1)'

-+ %[—m—g-ﬁ(zr-q-n) ng(ﬂg:+§__;-?7,°§_;ag_2)] .

and

2 | 3
BL®.-Funp- 5 !p':— [ (2 tan § - 1)-5”(1-*—2-) (142 tan]‘]
| L (0.2)

-.7{% [1+§-wn¢][14—(1 4-%)2] --§1:—(2+%), ‘

These two equations are compariable to Eg,E.1 and E,2 in the ;
Final Reporté/ + The first aquation, C.l, is identical with E.1, while the .
right-hand side-cf C,2 i3 identical with the right-hand side of B,2, Hencs,
the only influence of the eccentricity is on the left-hand side of Eq. C.2.
This allows gross simplification making use of the earlier work, Certainly
if e = 0, the ecuations are the sams and Appendlx E-]-'/ is applicable.
Furthermore, when e = O the two sets of ecuations ars identical if the
quantity (B - 28) 4is used in place of B in the earlier work. With this
substitution in the abscissa, Fig. E.2 through E.26 are apolicable., As
befere, the usefulness of the plotted solutions is limited because it is . |
not practical to plot for all values of gq .

Equations 8,1 and C.2, of coursse, can bte solved numerically for
any two parameters. For the apnlications of this project, the paramsters
that would ofdinarily be determined are the ultimats load capacity, Ps ’
and the radius of the fallure surface, r . The other parameterst soil *

1 .
-/ MCKeG, KO E" OD- Citl!
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orooerties, P and c ; footinp dimensions, B and D ; and eccentricity,

e , would have to be svecified. Trial and error golutions are in peneral,
necessary., The simplest mothod of solution reeowires the assumtion of a

value fer r , which allows direct sclution of EgC.1 for PS . The assumed

r and the comouted Ps can then be substituted into Eg,C.2 to solve for B .
This nrocedure is remeated ag often as reguired until the desired value of 3

is dotermined, and, hence, the approoriate values of P, and r are establishod.
Extranolation or interpolation can he used, of course, to find values when

nearby valucs are known,

In the cripinal work for e = 0 , the effect of q was con-
sidered. The additional factor being considered here in the eccentricity, e,
Figure €C.2 and €.3 show the influenco of e on Ps and r resmectively,

Ce3 Dynamic lLoads
Consider the bagic dynamie eouation asi

10 4+ R (8)oMt) , (c.3)

where

€ = rotation o¥ soll

v & e

& —— = acceleration
dt

I = rotational inertia
R{6) = resistance as a function of 8

M{t) = time-devendent moments.

For the failure naitiern anpreoriate o tho stntic loading, she terms in

the dynamic eouation, Eq.C.3, are:

T
-

(C.L)
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. Yy ~ ‘ 3.0 2. 2y, Lr 2
T T 0.61397 7”4+ = (D4 1)+ 0.785L0 ¢ (% D)—J
r 2r

-



' 2
R(8) LA = 0.1087 [r3 + (r+D) tan‘VJ - 2_(_‘.'_:2_1& tanA

(r +e - -§~)
(C.5)
2
M) @ p(s) - p, QA6 YT [,,3 s D’ﬂ R LACEE))
(r 4o - =) 2r +0 - —)
(C.6)
where
e tan-lm D

Y = unit weirht of goil

. ] -
Y= tan [1 - W]

e e pravitational constant
B = width of footing
T = dimension defining location of failure surface

D = depth of burial of footing
e = rotation of soil mass about point C
P(t) = time-dependent force aovlied to footing

static camacity of fouting.

"
[]

fhe above development uses the shear surface locatién, r , and
the load canacity, P_ , determined by the static analysis nresented in the
orevious section, I;:: should be emphaslzed, however, that the determination
of the static data should be based on the best possible estimte for the soil
properties; i.e., the proverties should be selactad to incorporate the influ-

ence of the variabless involved, e.g., the rate of load applicaticen.
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Appendix D
PROPERTIES OF OTTAWA SAND

Mogt of the exporimental work of the original amd curront programs
has been conducted using dry Ottawa sand, One of the pussling aspacts of the

" oripinal research was the digeropancios roted betwoen the properties of the

Ottawa sand found by triaxlal tests and thnse determined by calculations bhagod
on the footing behavioré/. This appendix contains the results of two tosts
whieh may serve to clarify thls situation.

Tha Ottawa gand ie degeribed by the grain size dstribution curve
included as Mg, D.1s (The original sand 18 still used in the sand box,
and a new sand 18 used in the plags box.) ¥ puro D,2 ghows the results
of direct ghear tests on this sand, when the density ranged from 110,0 to 117.5
pef., (These densities are piven as a ranpe although, dw to the small speoi-
mon size and other factors, thay arn individually not too accurato., In parti-
eular, the upper bound is higher then that previcuely obtained and must ba
quastionnd,) The envelopes for the maximum and mirimum values of the load
deflection curve are indicated.

A series of triaxial tests woere conduéted using specimens prepared
in the Yarvard Miniature Compaction Mold (1, 31-in., diameter, 2.82-in, height).
A rmumber of alternate approaches for obtaining high density were investigated.
It was found that densities of approximately 109 pef could be obtained by
compécting the sand in six layers using a weight of 100 gm dropped 50 times
per layer from g height of 1 in, For each test, a value of the angle of
internal frfction @, was determined by paseing a line through the origin
tangent to the Mohr's cirecle, Table D.1 and Mg, D.3 show the resulting data,
The curve and points on Fig. D.3 give an indication of the scatter in the data,

The experimental difficulty arises here in the determination of the
density. Tor the meld baing used, a l-pm difference in welpht represents 1 pcf,

In addition, the volume of the triaxial specimen at the time of testing may
differ from the volume of tae mold, With respect to these factors, variatlons

l/—VPJTcKee, K.E.,, Deslgn and Analysis of Foundations for Protective Structures,
AFSWC TR 59-56, Uctoter, 1959.
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of 1 pef from the densities reported seem reasonablse. 1In spite of these in-
consistencies, the results do indicate that # increases substantially
with density.

The results of thegso two test series (Fig. D.2 and D,3) establish
that the angle of internal friction, # , for dense dry Ottawa sard can exceed
LN® and trat the exact value is a fumction of the denslty. The valus of ¢
.. found by inverse application of Terzarhi's fomulaz therefore may represent

an accurate value for the sand densglty encountered,

2/ Mcee, K. F., Op. Cit.
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RESULTS OF TRIAXIAL TLSTC

Tahle .1

N OTTAWA SAND

Density, pcf

102,0
105.2
105.8
107.1
107.5
107,7
107.7
107.9
108,0
108.6

109.0

Angle of Internal Friction,
ﬁ, deg.

26,5
31,0
33.0
3L.0
33.5
35.0

33.5

33.0
37.0
32.5

41.0
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Appendix E
TWO-DIMENSIONAL STUDIES

F.l Introduction

Two=dimonslonal studios are being carried out in a glags-sided soll
containor, Thie containér was desimmed and built during the earlier rossarch
program and ip completely doaseribed in earlior rsportsé/. The objective of
this phase of the exporimental study is to obtain qualitative information
rogarding tho influence of geil typo on fuotings subjected to both static and
dynamic loads. Bocauso of tho nature of this objeetivn, 1t 1o eamential that
this phase of the exporimontal program bo complotad at the earlisat possiblé
dato, aince 1t 1s anticipatad that the theoretical approach will be guided

to a major extent by the obgerved repults,

The range of =eils considered for this phase include dense Ottawa
sand, loope Ottawa pand, dense California sand, and saveral types of ochasive
soils, The axperiments considerad inelude atatle and dynamic loading, For the
static experiments, the precedures are following those used durdnz the originmal
program, For the dynamie experimonts, the majer obsarvstions aro being made
throupgh uso of Faxtax photopraphy during the test and through bofore-and-after
still phetopraphy. Thase tachniques intended primarily for gqualitative informa-
tion are beinp supplemented by gquantitative measurements within the limits of the
exporimental procedures. The limitations of this "quantitative" information
should be clearly understcod =- it can be meaningful or it may be satisfactory

only for the purposes of comparison,

B.2 Static Tests

The glass box static test- to date have considered primarily dense
and loose Ottawa sand; one trial run was also made wlth a cohesive materisl.
These experiments were conducted with normal loading {(i.e., through‘a
hydraulic jack with the total lecading occurring within 5 min,) and with
mechanically controlled loading rates {i,e,, the downward speed of the
top of the proving ring was ]imﬁted to a specified rate of 0,00052 in.

l7 MCKBO’ Ke E., Op. Cit,
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per minute). A movie camera was automatically turned on at 1%~ to X0-min,
intervals to take 6 to 10 frames of the latter teste, Bacause of difficulties
in reading ‘the papes from the movie film, only limited data were c¢btainei

from the four tests, Additional experiments, vwhere the tlme -lapsc photopraph
i 1imited to dial pictures, wlll ba required,

The results of the.glass box tosts on Ottawa sand are given ¢n
Fig. E.1 and E.2 for dense and looso sand, rospoctivoly. Tests Fl through F7
refor to normal loading rate load togts using the hydraulic jack. Tants FA through
FD rofor to long term experiments at controllod leading rateg. Tn avery casp,
the averapge donsity in the box is shown nfter tho symbol for the t=sot. The
1imited data from the exporimonts with controllad rate of lnading shows resulte
gubstantially in agreomsnt with those for normally loaded footings. Ono ebserva-
tion from theso centrolled-loading rate tosts ig of particular intercat: the
load-deflaction curve was not aﬁooth. As tha toﬁ of the proving ring was dig-
placed, tha load tncgeased with essentinlly no inercase in displacement until
thera was suddenly a pross motion with an assoclated decrease in load. This
cyele was repeated throughout thn duration of the loading.

With the controlled loading rate, tro formation and subseguunt

" transformation of the soil mass were chgervable in greater dotall than
previously., Figure E.3 and E.l contain a selected serles of photographs

for such tests on dense and loose sand, respectively. The behavior of footings
on dense sand is simllar to that observed in the original program. The
footings on loose sand are typified by the photographs inzluded. Large
displacements occur by local shear failurei/ with indication of a shear

surface appearing only at relatively large deflections (see Fig, E,Lse).

E.3 Dynamic Tegts

Bight dynamic tests {six on dense Ottawa sand and two on loose
Ottawa sand) have been conducted in the glass box. All of these experiments
made use of the dvnamic loading device constructed for this program, Instru-
nentatlon was limited to Fastax photography ot the footing response, Thess
experiments were conducted in an atiempt to increase the knowledpe avallable
regarding the behavior of footings subjected to dynamic loads., It wds hoped

Y Terzaghi, K., Theoretical Soil Mechanics, Wiley, 19L3,
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that this qualitative infomation wculd aid in improving the analytical
techniques, while dependence was placed on the three-dimengional tests for

quantitative data,

Mpureas E.9 and E,10 show a sorles of photographs takon from the
faatax film for densa and looss Ottawa sand, recpsetively. Four of the best
fagtax fAlma (two donme sand and twn leoso gand) were cut ard spliced
to form a pictorial record of the oxporimenta, A print of this film will be
made avatlable en raquest. to AFﬁHC.

A ginple planos box teot was cenducted using cohesive matarial.
Tha deneity in the bex waa 121.0 pef. The londs were applied statically
through a hydraulie jack. Tho load-displacoment curve 1g shown on E,S5,

and photographa appear on Mg, B.6, E,7, ond E,8, The otrength af this soil
wag sufficlent so that tho plaos side of the box ruptured prior to formulation

of a shear surface in the soll,
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Appendix F
THREE-DIMENSICNAL STUDIES

F.1 Introduction

Three-dimensional studies are being carried out in the s&nd box
used during the earlier research on this project. This box is li-ft square
in nlan and 3-ft deep. The cbjective of this shage of the experimental
study 13 to obtain auantitative information on the behavior of footings
suw jected to static and dynamic loads. During the original oroject,
static loads and dropned weiphts were aoplied to footings placed on dense dry
Ottawa sand, - '

The soils to be considered in the sand box“tests are being limited
to dense Ottawa and dense California sand., Within tne scope of the sresent
program, consideration of cohesive materials is thought not to be vractical,
as the control required in laboratory sexverimsnts, the mixing and placing
of cohesive materials offers extreme difficulty; even for very small speci-
mens, the maintenance of uniformity of density and ingredients requires
rather extreme precautions. Certainly the size of the three-dmensional:s
container, i.8,, 4 ft x L ft x 3 £t , orecludes its use for cohesive
materials without elaborate mixing and vlacing apparatus. If in the future
experiments using cohesive materials are planned, it 18 strongly recommended
that consideration be given to using the smallest go0ll specimen size consistent
with the required results. '

The three-dimensional experiments were intended primarily to yieid
quantitative data, For this reason, ermhasis has been olaced on selecting
the prover gages, recording systems, etc. Visual observations and chotographic
records have been made, but only for general coverage of the experiments.

F.2 Static Tests

As part of the original orogram, a series of foo%ings on dense

dry Ottawa sand were subjected to static sads. The results of these tests

were included in Aopendix A of the Final Reportl/ . Additional static exveri-

17 TicKee, K. E., Design and Analysis of Foundations for Frotectlve Structures,
AFSaC TR %2;§§£—Uctober 1955,
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ments an Ottawa sand were not reauired an! hence no static experiments nave
been conducted to date,

Static tests will be corducted with California sand (shipped frem
Naval C4{vil Engineering Laboratory for use in this study)., The aim of these
plarned experiments will be to obtain sufficient data to comparm the rasults with
those for Ottawa sand, It is anticipated thst this correlation can be achieved
by use of the failurs theorlss for footings. If this proves correct, only a
1imitad number of experimente will be reguirad,

Three=dimensional static experiments using loose sand, either
Ottaws or California, could be conducted, Placement of the sand in a loose
gtate would require a major effort for each experiment. The advantage of
three-dimansional experimsnts using loose sand will be welghed againat the
complexity of'conducting such experimsnts,

F.3 Dynamie Tests

The dynamic loading apparatus is described in Appendix G. Much
of the developmental experimsntation for this device was conducted with
footings placed on the surface of the sand box, Although meaningful records
were obtained during many of these preliminary experiments, it was declded
to make use only of records obtained using the final apparatus. Thess records
are in the form of oscillograms. The data are a force-time record fromvthe
force washer and a displacement-time record from the LVDT (Linear Variable
Differential Transformer). Visual observations are made befors and after
each loading., To date, only limited results are available and no attempt
has been made to analyze the records obtalned. Examples of thege records
are given in Appendix G, Figures F.l and F.2 show examples of footing
failure under dynamic loads. All of the dynamic experiments have been
conducted using denss Ottawa sand. More detalled coverage of these dynanic
results will be presented in the final report on the current project.
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Fige Ful L-in. SQUARE FOOTING AFTER PATLURE

Fig. F,2 3=in. SQUARE FOOTING AFTER FAILURE

RESEARCHK FOUNDATION OF I1LLINOIS INSTITUTE OF TECHNOLOGY

ARF Project ho. 8193-7
Interim Regart




ARMOUR

RESEARCH

Acpendi x G

DYNAMIC IOADING APPARATUS

EOUNDATION

OF

LLLINOI!S

INSTITUTE OF TECHNOLOGY

ART Project Ye. 8193-7
Interim Revort '




- Ty —vanos Jeet—

Appendix O
DYNAMIC LOADING APPARATUS

An apparatus suitable for applyiny dynamic loads to amall footings
has been developed, Thia apparatus 1g designed to provide controlled loadings
with minimum complexity. "Controlled® refers to the ability to detormins the
loads that are applied. Varlations in the parametor dofining the loads are
introduced, but no atringent requirements are enforced on those variations
as long ag the resulting force~timo history can be measured. Ths final design
of tho upparatus 1s the result of modifications introduced during preliminary
tosting to achleve the desired end result, Thus, 1lttle could be gained by .
dlseugsing the design development, and attention will be cdonfined to dosoriblng
tho present laboratory setup. As of this writing, the research using the
dynamic loading dovice is preliminary in nature with the main objaotive being
equipment develepment, calibration, ete. In the courso of this work, however,
footings have been tosted, loads mgasursd, etc,, thus providing some Quantle
tative data.

Figure G.,1 sghows a gketch of the oxperimental setup. Figurvs Ge2
and @43 show the dynamic loading apparatus attached to the glass box and sand
box rogpectively. The cperation of the dynam}g devico is relatively simple.
With the solenoid=operated valve closed, presstire is reloased from the nitrogen
bottle lnto the air accumuiétnr and hydraulic accumulator, so that pressure
builds up in the hydrailic fluid behind the valve. To apply & dynamic load
the valve 1s opened, allowing hydraulic pregsure to be applied to the plston,
The load tranamitted to the footing is measured by a force uasherl The
equipment described herein produced rise times of from 2 to 5ms in the loads
acting on the footings. The dlsplacement of the footing ls measured by e
linear variable transduecsz -- the assumptlon being that this measurement

represernts the displaéement of the center of the footing,

_ The experimental studies with the dynamic apparatus have been pre-
liminary in nature. An attempt is always made to obtain a reasonable amount of
data, but priméiy emphasis to date has been on checking out the equipments
The prelimirary tests were conducted, with the displacements and loads being

1 Lockheed Electronizs Mcdel WR7S High Sensitivity Force Washer,
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recorded by a Tolnroid photo-raph of the occilloscope sereen. Althouph these
records were sufficient for this preliminary work, a Consolidated recorder hasz
bren introduced for experiments whers the data are of prime importance. The
following pafagrnphs present a peneral description of the operation of the
dynami ¢ apparatus.

Mgures Q.4 and 0.5 show two examples of the records obtained from
the oscilloscope. - Flpure G.L shows a m-ro-or-less linearly decayiné force with
a relatively small maximum aieplacement,.approximately 0.1 in. Figure 0;5
ghows a larger displacement, approximately 1.0 in., and a force that drops off
aftor abo:t 100 ma. -

Flgure 0.6 and 0.7 are examples of reéorda obtainad by-thé Consolidated
rocorder, These records read from right to left, Both displacement records
are beyond the lirear rango of the recorder -- this explains the apparent recovery
after the iritial peaks The records are meaningful up t0 the maximum displacement,
but beyond that point it is only possible to deduce that the footings stopped -
movinp, Mpures G,6 and 0.7 show respectively a rplativélyulong and a relatively
short duration of load application. ' 4

The advantape of the records obtained from the éonsolidafed'recorder
for quantitative data is obvious, For this reason, it is antiéigaiéd that this
method vwill be used for the ramainder of the dvnamic experiments; By varying
the initial pressure, the status of needle valve, etc., it is possible to
vary both the shape and magnitudevof the load obtained from the system, Current
work is still concerned with learning to control these paQametefi;
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Pig. G,1 SKEICH OF DYNAMIC APPARATUS

Pig. G,2 DYNAMIC APPARATUS ON GLASS BOX
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Flg, G.3 DYNAMIC APPARATUS ON SAND BOX
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(b) Calibra&ion

Pig. 0.4 RECORDS FOR L-in.x-l-in. FOOTING, TEST NO.6

Records read right to left. Top trace is force;
Bottom trace is displacements- -
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(b) Calibration

RECORDS FOR l=in.x=h-in. FOOTING, TEST NO, 2

Records read right to left. Top trace is forve;

" Bottom trace is displacement, -
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(a) Dii«g.xlace{n;mt Rogard - 'Increang)ﬁ Timo

-..1‘ ,,4&10 )
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(b) Forcoe Record ' «— Increasing Timo

Fig. G.7 . TYPICAL CONSOLIDATED RZCORDS, TEST MO. 10
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